We provide model-independent bounds on the rates of rare decays η(η ) → ππ based on experimental limits on the neutron electric dipole moment (nEDM). Starting from phenomenological η(η )ππ couplings, the nEDM arises at two loop level. The leading-order relativistic ChPT calculation with the minimal photon coupling to charged pions and a proton inside the loops leads to a finite, counter term-free result. This is an improvement upon previous estimates which used approximations in evaluating the two loop contribution and were plagued by divergences. While constraints on the η(η )ππ couplings in our phenomenological approach are somewhat milder than in the picture with the QCD θ-term, our calculation means that whatever the origin of these couplings, The decays η(η ) → 2π will remain unobservable in the near future.
I. INTRODUCTION
The observed matter-antimatter asymmetry in the universe indicates that at some early stage in the evolution of the universe the CP -symmetry, an exact balance of the rates for processes that involve particles and antiparticles, should have been broken [1] . However, until the discovery of CP -violation in K-meson decays, the CP -symmetry was believed to be an exact symmetry of the Standard Model (SM). The explanation for this CPviolation problem was found in the electroweak sector, involving CP -violating (CPV) phases of the CabibboKobayashi-Maskawa (CKM) quark-mixing matrix which allowed to accommodate the observations. Apart from meson decays, CPV interactions would also induce a static electric dipole moment for a particle with spin. Presently, there is a large number of experiments performing precise measurements of EDMs of hadrons, nuclei, atoms, and molecules [2] . Furthermore, there are also data on CPV meson decays (see, e.g., Ref. [3] ).
In the SM, the EDM may arise due to the CPV phases of the CKM matrix. The latest SM prediction for the nEDM [4] is |d CKM n | ≈ (1 − 6) × 10
−32 e · cm. This range encodes the CPV effect. For a recent overview see, e.g., Ref. [10] .
The non-zeroθ generates a number of hadronic CPV interactions, e.g., a CPV πN N coupling. At one loop, this coupling leads to a non-zero EDM of the nucleon. The early calculation of Ref. [11] led to a constraint on θ 6 × 10 −10 based on the experimental bounds on the nEDM existing at that time. Other examples of CPV interactions among hadrons that arise in presence of the non-zeroθ are the decays η(η ) → 2π. In the picture where the entire CP violation in hadronic interactions is due to theθ term, the corresponding branching ratio of the order of ∼ 10 −17 is unobservable. Recent advances in experimental techniques and the possibility to produce large numbers of η and η mesons at MAMI (Mainz) and Jefferson Lab (Newport News) [12] has led experimentalists to look for or at least set more stringent constraints on rare decays of η and η mesons. Current experimental upper limits read [3, 6] Br(η → ππ) < 1.
These bounds indicate that any signal observed within the ∼ 13 − 14 orders of magnitude between the existing experimental bounds and the strong CPV expectations could be interpreted as an unambiguous signal of New Physics.
Given the experimental constraints on the nEDM it is also informative to ask how large a CPV η ( ) ππ interaction generated by an unspecified New Physics mechanism could be. This question was raised in Ref. [13] and revisited in Ref. [14] . In those works, effective CPV η ( ) N N couplings were generated from an effective CPV η ( ) → ππ coupling via a pion loop. At a second step, those CPV couplings were used to generate the nEDM, again at one-loop. Because both the neutron and the η's have no charge, the only way to couple an external photon to obtain the nEDM was magnetically. As a result, each loop is logarithmically divergent, leading to the need of counterterms which made the results less conclusive.
In this paper, we opt for a direct two-loop calculation and account for the minimal photon coupling to charged particles inside the loop. We use the leadingorder ChPT Lagrangian for the coupling between pseudoscalar mesons and nucleons. CP violation is assumed to stem solely from the η ( ) ππ coupling. Anticipating the findings of our work, we obtain a resulting contribution to the nEDM which is UV-finite. We are thus able to derive very robust constraints on the CPV η ( ) → ππ decay branching ratios from the tight experimental bounds on the nEDM,
It makes the observation of these decay channels hardly possible, independent of the particular mechanism that may lead to the generation of such an interaction. While previous calculations [13, 14] contained an uncertainty due to the divergences in chiral loops, this work represents an exact LO chiral result. As compared to the QCD θ-term constraints on η ( ) → ππ decays, the above bounds are only slightly less stringent.
The paper is organized as follows. In Sec. II we discuss the CPV couplings of the η and η mesons with two pions. In Sec. III we present the calculation of the nEDM at two loops with leading order ChPT meson-nucleon interaction, and refer details of the two-loop calculation to Appendix A. In Sec. IV we derive the upper bounds for the η → 2π and η → 2π decay rates.
II. CPV DECAY CONSTANTS
We begin by considering the rare CPV decays η(η ) → 2π. For the masses and full widths of the η and η mesons we use the PDG values [6] : m η = 547.862 ± 0.017 MeV, Γ The effective Lagrangian that generates the P-and Tviolating processes η(η ) → 2π (see Fig. 1 ) has the form
where m H is the mass of the η(η ) meson, the pion field π is a isovector, f Hππ is the corresponding coupling constant chosen to be dimensionless and defined for pions and η(η ) mesons on the mass shell. The values of the f η(η )ππ are related to the corresponding branching ratios according to
The factor n Γ is 1/2 for the π 0 π 0 and 1 for the π + π − channel and reflects the Bose statistics for identical particles in the final state. There are two possible generic mechanisms for the generation of these effective Lagrangians. The first scenario, which is fully explored in literature, is the solution to the strong U (1) A problem in terms of the QCD θ-term that generates both the η → ππ decay and the nucleon EDM [11, 15, 16] . The effective η ( ) ππ couplings in this scenario are given by [11, 16] 
where θ is the QCD vacuum angle, R = m u /m d is the ratio of the u and d current quark masses, F π = 92.4 MeV is the pion decay constant, and m π = 139.57 MeV is the charged pion mass. In this scenario, the decay constant is proportional to the θ-term, which is tightly constrained by the experimental bounds on the neutron EDM [17, 18] . It is also seen that η ( ) ππ couplings vanish in the chiral limit m π → 0 resulting in an additional suppression. As a result, the bound for the decay constants in Eq. (5) is (f ηππ , f η ππ ) ∼ (0.03 θ, 0.05 θ). The EDM bound θ < 6 · 10 −10 [11, 19, 20] makes experimental searches for the η(η ) decaying into two pions hopeless.
The second scenario corresponds to the situation where the EDM and the CPV η → ππ vertices are generated by two distinct mechanisms, without specifying details of a particular model in which this scenario would be realized. Given the interest in addressing these decay channels experimentally at Jefferson Lab [12] , it is informative to inquire, how much room there is for New Physics contributions that could lead to anomalously large ηππ coupling constants. The unknown New Physics mechanism would then generate a non-zero f ηππ , which through pseudoscalar meson couplings to the nucleon generates the EDM at the two-loop level.
III. NEUTRON EDM INDUCED BY CPV COUPLINGS
The electromagnetic nucleon vertex in presence of CPviolation is written in terms of Dirac, Pauli and electric dipole form factors
Here,
µ , γ 5 are the Dirac matrices, and
The electric dipole moment of the neutron is defined as d
For calculating the pseudoscalar meson loops we use the non-derivative pseudoscalar (PS) couplings between mesons and nucleons. The pseudoscalar approach is obtained from the more commonly used pseudovector (PV) theory by means of a well-known chiral rotation of the nucleon fields. The two theories are equivalent (see details in Refs. [21] [22] [23] ), and at leading order the only term in the Lagrangian involving pion and nucleon fields is
where g A ≈ 1.275 is the nucleon axial charge and F π ≈ 92.4 MeV the pion decay constant. In SU (3) limits, the ηN couplings g η ( ) N N would also be related to the respective axial couplings g η A and decay constants F η , and similarly for η . However, SU (3) symmetry appears to be significantly broken for these couplings and recent analyses of η and η photoproduction on nucleons suggests much smaller values [24] :
Using the ingredients specified above, we can calculate the induced nEDM. The advantage of the pseudoscalar as compared to the pseudovector pion-nucleon theory is two-fold. Firstly, because the coupling is non-derivative the result is finite. Secondly, the number of graphs to be calculated at leading order is reduced significantly because the only way to couple the electromagnetic field to the pion field is minimally to the charged pion lines inside the loop. Unlike in the PV theory where the contact (Kroll-Ruderman) γπN N interaction term appears in the leading order chiral Lagrangian, in the pseudoscalar theory this term is generated at the level of matrix element at order 1/F π and the same is true for the γππN N term appeared at order 1/F 2 π [21, 22] . The full set of two-loop Feynman diagrams to be calculated is shown in Fig. 2 . Only diagrams that contribute to the nEDM are displayed. For instance, the class of diagrams that involve the contact ππN N coupling gives no contribution to the nEDM and is dropped from Fig. 2 . Among those diagrams that contribute there are further symmetry considerations that allow to reduce the number of independent graphs. From hermitian conjugation of matrix elements, after using replacements of nucleon momenta p 1 ↔ p 2 and the inverse of the photon momen- tum k ↔ −k we show result in the following relations:
Therefore, the total contribution to the nEDM is
The detailed calculation of the two-loop diagrams is reported in Appendix A.
IV. RESULTS AND DISCUSSION
Upon evaluating the two-loop diagrams we obtain an expression for the nEDM induced by the CPV η(η )ππ couplings via meson loops and minimal coupling to the electromagnetic field,
The numerical difference between the two coefficients arises due to the η and η mass dependence in the loop integrals. Note that the two coefficients do not contain chiral divergences ∼ 1/m π or ∼ ln m π , and are evaluated by setting the pion mass to zero. For completeness, in Table I we present the partial contributions of the diagrams to the couplings c η and c η . Using now the current experimental bound |d E n | < 2.9 × 10 −26 e · cm and assuming that the η and η couplings to two pions are independent, we deduce upper bounds on the coupling constants,
These translate into upper bounds for the respective branching ratios,
which strongly are reduced in comparison to existing experimental limits of Eq. (3). While future and ongoing measurements of the rare decay widths of the η and η into pion pairs may improve the limits of Eq. (3), our results show that no finite signal of CP violation in these processes should be expected at the currently accessible level of precision. A similar conclusion can be made about the decays of the η and η into four pions [25] . If we compare the values obtained for f ηππ and f η ππ with Eq. (8), we can deduce an upper limit for theθ parameter in the Peccei-Quinn mechanism,
Here we use the ratio R = m u /m d = 0.556 of the canonical set of the quark masses in ChPT [26] : m u = 5 MeV, m d = 9 MeV [26] at scale 1 GeV. The limit
results for the average ratio R = m u /m d = 0.468 of quark masses calculated in lattice QCD at a scale of 2 GeV [6] . Compared to the bound onθ directly obtained from the experimental constraint on nEDM,θ < 6 · 10 −10 [11, 19, 20] , our calculation shows ( this finding is independent of the assumption that CPV η, η -decays are generated by the same mechanism as the nEDM) the very tight experimental limits on the nEDM exclude large contributions to η(η ) → ππ decays beyond that captured by the Peccei-Quinn mechanism. The main difference with our calculation is that in the Peccei-Quinn mechanism the CPV η(η )ππ couplings are suppressed by m 2 π in the chiral limit. We opted to relax thus constraint but the effect of this assumption is marginal. Note that the fact that our two-loop result does not contain chiral divergences essentially means that chiral symmetry does not play a role in our scenario, consistent with the assumption that the couplings f ηππ and f η ππ may not be suppressed by the pion mass squared.
In summary, we derive new stringent upper limits on the CPV decays η → ππ and η → ππ. The presence of an effective CPV η ( ) ππ interaction in the Lagrangian leads to an induced nEDM at two loop. We explicitly evaluated a full set of two-loop level of Feynman diagrams arising at leading chiral order in relativistic ChPT with the pseudoscalar pion-nucleon coupling, which are free from divergences. The tight experimental bounds on the nEDM lead to upper limits for |f ηππ | and |f η ππ | which thus cannot exceed few parts times 10 −11 . These translate into upper limits for the branching ratios Br(η → ππ) and Br(η → ππ), which are of order 10 −17 or even smaller.
In the future, we plan to continue our study of rare decays of η and η mesons. In particular, in our scenario only the decays into charged pions are strictly speaking constrained. The bound on the neutral decays is obtained by isospin symmetry. In presence of isospin symmetry breaking the couplings f ηπ + π − and f η→π 0 π 0 will be unrelated. In this case, with all neutral particles in the loops the nEDM can be generated via a magnetic coupling of the photon to the neutron.
ACKNOWLEDGMENTS
We are grateful to Vincenzo Cirigliano for helpful discussions. A.S.Z. thanks the Mainz Institute for Theoretical Physics (MITP) for its hospitality and support of participation in the MITP program during which this work was started. 
FIG . 3 . Diagrams e) and l) from Fig. 2 . The double dashed lines correspond to the η ( ) mesons, the dashed lines to pions and the solid lines to baryon propagators. The CPV η ( ) ππ transition is denoted by the black box.
Here we discuss the calculational technique of the two-loop integrals occuring in the evaluation of the nEDM (see diagrams in Fig. 2 ). Analytic manipulation of the integrals is performed using the package FORM [27] . For convenience we evaluate the two-loop integrals in d-dimensions and finally put d = 4. We demonstrate all steps of the calculations for the diagrams of Fig. 2e and 2l , which are shown in more detail in Fig. 3 . In particular, the matrix element generated by the diagram in Fig. 2e is
where u N (p 1 ) andū N (p 2 ) are the nucleon spinors in the initial and final state, respectively; µ (q) is the polarization vector of the photon field; D H (k) = m 2 H − k 2 are the scalar denominators of virtual particles H = N, π, η ( ) . Here g eff is the effective coupling
Using the equation of motion for the nucleon spinors the numerator is reduced to 2iγ 5 q µ 1 q 2 q 1 . For the string of denominators D H we apply the Feynman parametrization:
Here qAq = 2 i,j=1
where A ij is the 2 × 2 matrix
and
Next, each virtual momentum in the numerator of T µαβ 2e (p 1 , p 2 ) can be replaced by the corresponding partial derivative of the two-loop integral with respect to B α 1 or B α 2 using the substitution
In our case we have
where detA and A −1 are the determinant and inverse matrix of A, respectively. Note, at q 2 = 0 the term BA −1 B is equal to
Taking the derivatives in Eq. (A9) we get
where
22
. After a straigthforward calculation we keep terms proportional to the Dirac structure i(p 1 + p 2 ) µ γ 5 , which due to Gordon identity
corresponds to the EDM Dirac structure in Eq. (9) . The contribution of the diagram Fig. 2e to the nEDM is
Using our method we can evaluate the contribution of the other diagrams to the nEDM. We only present the final results in terms of integrals over Feynman parameters and specify the forms of matrix A, vectors B 1 and B 2 , and the term ∆.
The contribution of diagrams 2g(h) is given by the expression for diagram 2e(l) with only one change. The term ∆ must be redefined as
Diagrams 2f(k) give the following contribution 
Here matrix A is the same as for diagram 2e(l), the vectors B i are B 1 = p 1 α 1 + p 2 α 4 and B 2 = p 1 α 2 . The ∆ terms are specified as: 
